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Abstract 

When a is a flow on a unital AF algebra A such that there is an increasing se- 
quence (An) of finite-dimensional a-invariant C*-subalgebras of A with dense union, 
we call Q an AF flow. We show that an approximate AF flow is a cocycle perturba- 
tion of an AF flow. 

1 Introduction 

Let a be a flow on a unital C*-algebra A, i.e., t ^ at is a group homomorphism of the 
real line R into the automorphism group of A such that t at{x) is continuous for 
each X & A. If u is a continuous map of R into the unitary group U{A) of A such that 
Ugdsiut) = Us+t, s, if: G R, then u is called an a-cocycle. In this case t h-> Adutat is a flow 
again and is called a cocycle perturbation of a. 

We denote by Sa the generator of a, which is a closed derivation defined on a dense 
*-subalgebra V^Sa) jnH^O]- If the a-cocycle u is differentiable and h = —idut/dt\t=o G ^sa, 
then the generator of the flow t ^ Adutat is given by Sa + a.dih. If the a-cocycle u is 
a coboundary, i.e., Ut = wat{w*) for some w G U{A), then the generator of the flow 
t H-i> Adutat is given by Adw o 5a o Adw* on Adw{V{6a))- In general the a-cocycle is 
given as a combination of the above two types |12j . 

If A is an AF algebra P and has an increasing sequence {An) of finite-dimensional C*- 
subalgebras of A such that [j^ An is dense in A and at{An) = An for alH G R and all n, 
then a is called an A F flow. Note that in this case there is a self-adjoint element hn G An 
such that at\An = Ade**''"!^^. It also follows that V^Sa) D An, Sa\An = adi/i„|y4„, and 
IJ^ An is a core for 6a- Since [h^, hn] = 0, the generator of this type is called commutative 
and is studied in Sakai's book [20 (see also 013 EI)- In particular a is approximately 
inner in the sense that lim„ Ad e**^" (x) = at{x) uniformly in t on every bounded subset 
of R for all x G A. 



1 



AF flows (on a UHF algebra) appear as time-flows for classical lattice models in 
physics and look manageable for analysis (e.g., the KMS states have explicit expressions 
|2nj). There are time-flows for quantum lattice models which are not obviously cocycle 
perturbations of AF flows, but we still lack a rigorous proof to that effect though we know 
that there are flows which are not cocycle perturbations of AF flows. Our main concern is 
to distinguish the class of cocycle perturbations of AF flows among the flows which occur 
in physical models and thus to understand the flows beyond this class better. In this note 
we give a characterization of this class. 

5 

When B and C are C*-subalgebras of A, we write i? C C if for any x E B there is 
y & C such that ||x — y\\ < S\\x\\. We define the distance of B and C by 

dist(5, C) = mf{6 > \ B c C, C C B}. 

If a is an AF flow, then a cocycle perturbation a' of a may not be an AF flow but an 
approximate AF flow in the sense that sup^g^ ]^] dist {a ^{ An) , An) ^0, where the sequence 
(An) is chosen for a as above. Our main purpose is to show the converse: 

Theorem 1.1 Let a be a flow on a unital AF algebra A. Then the following conditions 
are equivalent: 

1. a is a cocycle perturbation of an AF flow. 

2. a is an approximate AF flow, i.e., there is an increasing sequence {An) of finite- 
dimensional C* -subalgebras of A such that IJn, ^■^ dense in A and 

sup dist{at{An),An)^0 

tG[0,l] 

as n^oo. 

As noted above, the former implies the latter. In the rest of this note we shall prove 
that the latter implies the former. Since the latter condition is preserved under cocycle 
perturbations, it suffices to show: 

Lemma 1.2 For any e > there exists a S > satisfying the following condition: If a is 
an approximate AF flow, i.e., there is an increasing sequence (An) of finite- dimensional 
C* -subalgebras of A such that 1J„ is dense in A and 

6n= sup dist{at{An),An)-^0 

t€[0,l] 

as n— i>oo with 5i < 5, there is an a-cocycle u such that \\Ut 
Mutat{A{) = Ai. 

Moreover if Aq is a C*-subalgebra of Ai such that at{AQ) 
from Af^ A'q. 



- 1 II < e /or t e [0, 1] and 
= Aq, then u can be chosen 
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Remark 1.3 For a single automorphism a of a unital AF algebra A the following con- 
ditions are equivalent: 

1. For any e > there is a m G and an increasing sequence {An) of finite- 
dimensional C*-subalgebras of A such that An is dense in A and Adw = An 
for all n. 

2. There is an increasing sequence {An) of finite-dimensional C*-subalgebras of A such 
that IJ,^ An is dense in A and 

dist{a{An),An)^0 

as n— s>oo. 

This follows from a deep result of Christensen's (see 5.3 of 0), which will be also used in 
the proof of our main result. 

There is a totally different sufficient condition for a that implies the above condition 
1, i.e., which says that a has the Rohlin property and a* is the identity on the dimension 
group Ko{A). See [2IIIII1IH]- It is certainly desirable to find a sufficient condition like 
this for AF flows. 

Remark 1.4 Theorem 11.11 might hold for non-unital AF algebras, where the a-cocycle 
should be understood as a function into the multiplier algebra with continuity for the 
strict topology. But in this case it follows, by the same proof, that 2 implies 1, but it is 
not obvious how to prove that 1 implies 2. 

The main theorem 11.11 is what we should have settled sooner or later after singling out 
AF flows, but is not likely to be useful to distinguish the class of cocycle perturbations of 
AF flows. However there are some other attempts to characterize this class. In section 2 
we will briefly survey them. In section 3 we will present a key idea for proving the main 
theorem in the setting of matrix algebras, which is a degenerate case of Prop. I^D for the 
UHF algebra (see below). Letting Mn to be the C*-algebra of N x N matrices, what will 
be shown is as follows: 

Proposition 1.5 For any e > there exists a 6 > satisfying the following condition: 
Let A = Mjv for some N E N , B a unital *-subalgebra of A with B = for some K 
dividing N, and H G Asa such that 

for t G [0, 1]. Then there exist a u tl{A) and h G A^a such that \\u — 1|| < e, < e, 
and 

= 5, t G R. 
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In the above situation let at = Ade**^, which defines a fiow on A = Mn, and let 
Vt = u*e'^^^^^^^ue'^'^^^ . Then note that K(ivtat{B) = B and that v :t ^ Vt'is aii. a-cocycle 
such that sup(g[o_i] ||wf — 1|| < 3e. 

In section 4 we will give a version 14.11 of the main theorem for UHF fiows , where 
a is a UHF fiow on A if A is a UHF algebra and there is a sequence {An) of unital matrix 
C*-subalgebras of A with dense union and at{An) = An, G N, t G R. Some of the 
technical results hold for more general unital C*-algebras. 

To go from UHF fiows to AF fiows, we will need a version of the following result, 
which is valid for any C*-algebras. 

Proposition 1.6 For any e > there exists a S > satisfying the following condition: 
Let A be a unital C*-algebra and a be a flow on A. If D is a unital finite- dimensional 
C* -subalgebra of A such that 

sup II (at — id)|D|| < S, 

\t\<i 

then there is an a-cocycle u such that A(\utat\D = id and 

max ll^t — 1 II < e. 
I*l<i 

What is important here is that 6 does not depend on D (or the size of D). In section 
5 we will prove the above proposition and then derive the main result. 

2 AF flows 

For a C*-algebra A we denote by i°°{A) the C*-algebra of bounded sequences in A and 
by cq{A) the ideal of £°°{A) consisting of x = (x„) for which lim„— >.oo ||a;„|| = and let 
A°° = i°°{A)/co{A). We embed A into A°° by regarding each x G A as the constant 
sequence (x, x, ...). Given a fiow a on A we denote by i'^{A) the C*-subalgebra of 
X = (xn) G £°°{A) for which t i— at{x) = {at{xn)) is norm-continuous and define A"^ as 
its image in ^4°°. We naturally have the fiow a on A'^ induced by a. We will also denote 
by a the restriction of a to A' n A"^. 

The following properties shared by AF fiows and their cocycle perturbations could be 
used to distinguish them from other fiows [121 121; similar properties are also considered 
for Rohlin fiows [13 Hg. 

Proposition 2.1 Let A be a unital AF algebra and let a be a cocycle perturbation of an 
A F flow on A. Then (A^ fl A')" has real rank zero and has trivial Ki. Moreover (A^)" 
has real rank zero and trivial Ki . 

Proof. The latter part is shown in 3.8 of |2j and 3.6 and 4.1 of ||13|. The first part also 
follows similarly; but we will indicate how to prove it. 



4 



Apparently we may suppose that a is an AF flow. Hence we suppose that there is 
an increasing sequence (^n) of a-invariant finite-dimensional C*-subalgebras of A with 
dense union. 

Let b* = b E (A^ fl A')'^. Then there is a bounded sequence (bn) in Aga such that 
b ~ (bn) (i.e., b = (bn) + co{A)). We may suppose that ||5Q,(6n)||— *-0 as n—>oo and 
that there are increasing sequences and (in) in N such that fc„ < in, kn^oo, and 
bn E Bn = Ai^ n A'l^^. (The latter follows because Un^n ^ "^^^^ "^"O Since Bn is 
a-invariant and finite-dimensional, there is a /i* = /i„ G -B„, such that Sa\Bn = ad/i„|i?„. 
Since || [/in, 6n] IHO and hn,bn G (-Bn)sa, we get G -Bn such that \\hn - h'Jl^O, 

\\bn — b'nW^O, and [h'n, b'^] = (see 3.1 of [2j, which is an improvement of Lin's result pTj). 

Let e > and let F be a finite subset of the spectrum Spec (6) of b such that any 
A G Spec(6) has p & F such that |A — p| < e. Then we find a 6^ G (-Bn)sa such that b'^ is a 
function of 6^, limsup„ — b'^\\ < e, and Spec(6^) C F. Then (6^) defines a self-adjoint 
element c G {A'^ fl A')" such that ||c — 6|| < e and Spec(c) C F, which is finite. This 
concludes the proof that (A^ n A')'^ has real rank zero. 

Let ti be a unitary in [A'^ fl A')". Then as before we may suppose that there is a 
sequence (m„) in U{A) and increasing sequences (in) and (/c„) in N such that /c„ < £„, 
kn^oo, Un G v4^„ H A'^^ , and ||5a(Mn)IH0. There is an h*^ = E Bn = Ae^ n A'^^ such 
that (5a|-Bn = a.dihn\Bn- Then by using the condition that ||[m„, /i„]||^0, we apply 4.1 of 

m- □ 

There are some examples of approximately inner flows on an AF algebra without the 
above types of properties (see Section 3 of ^13j and 3.11 of |2j, where only the properties 
for (A^)" are explicitly mentioned). Those examples are of the following type. Let C be 
a maximal abelian C*-subalgebra (masa) of A and choose a sequence (hn) in Cga such that 
the graph limit 6 of (adihn) is densely-defined and hence generates a flow [31 1201 • This is 
what we have as the examples and might be called a quasi AF flow (or a commutative flow 
following 1201 )• Note that the domain T>{6) of S contains the masa C (which is actually 
a Cartan masa in our examples); but depending on (hn) it may contain another masa as 
well. (We know of no example of a generator whose domain does not contain a masa.) 

Remark 2.2 For a flow a on a unital simple AF algebra A it is shown in JHl that a is a 
cocycle perturbation of an AF flow if and only if the domain V{6a) contains a canonical 
AF masa of A, where C is a canonical AF masa if there is an increasing sequence {An) 
of finite-dimensional C*-subalgebras of A with dense union such that C is the closure of 
Un c n An n A'^_, with Ao = 0. 

We note the following uniqueness result for canonical AF masas (cf. ^19]). 

Proposition 2.3 The canonical AF masas of an AF algebra are unique up to automor- 
phism, i.e., if A is an AF algebra and Ci and C2 are canonical AF masas of A, then there 
is an automorphism cf) of A such that 4>{Ci) = C2. 
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Proof. There are increasing sequences (An) and (Bn) of finite-dimensional C*-subalgebras 
of A such that A^ and [j^ Bn are dense in A and Ci (resp. C2) is the closure IJ^^ Ci fl 
An n An_i (resp.|J^C2 fl -B„ D By passing to subsequences, we find sequences 

(un) and in U{A) such that mi = 1, \\un — 1|| < 2"", ||t>n — 1|| < 2~"', G 
Ad(u„Mn_i ■ ■ ■ ui) e Ad{vn ■ ■ ■ vi){Bny, and 

Ad(M„ ■ ■■Ui){An) C Ad{Vn ■ ■■Vi){Bn) C Ad(u„+iM„ ■ ■ 

for all n. Let u = lim„ UnUn-i ■ ■ - ui and f = lim„ f„ ■ ■ ■ fi. Then u and v are unitaries in 
A (or A + CI if A ^ 1) such that uAnU* C vBnV* C Uy4„+iM* for all n. Since mCiM* and 
VC2V* are also canonical AF masas, we may suppose that An C Bn C v4„+i. We choose 
maximal abelian C* subalgebras D„ of Bn H for = 1, 2, . . . and En of fl for 
n = 0, 1, 2, . . . with Bq = Then the C*-subalgebra D generated by Dn and En for all n 
is a canonical AF masa of A. Since the C*-algebra generated by Dn and is isomorphic 
to Cif\An^ir\A'n for n = 0, 1, 2, . . . with Dq = 0, there is a unitary G An+inA'n + l such 
that AdM„(Ci n n A^) = C*{Dn, En). Since the limit of Ad(-Uo'Ui-U2 ■■■ w„) defines an 
automorphism of A, there is an automorphism 0i of A such that 0i(Ci) = D. Similarly, 
since the C*-algebra generated by En and -D„+i is isomorphic to C2 H Bn+i fl S^, there is 
an automorphism 02 such that 02(C'2) = -D. Thus 02^0i(^i) = ^2, which concludes the 
proof. □ 



3 Matrix algebras 

In this section we shall prove Proposition 11.51 

Let T denote the unique tracial state of A = M^, i.e., r = (l/A^)Tr, and define an 
inner product on A by {x,y) = T{y*x) = T{xy*), x,y G A. Equipped with this inner 
product, A is an A^^-dimensional Hilbert space, which we will denote by A^. We define 
a representation p on Ar of the tensor product A^ A by p{x ® y)^ = x^y^, ^ E Ar and 
a representation vr of A by 7r(x) = p{x ® 1), x G A. Here denotes the tanspose of 
y E A = Mjy. Note that p is irreducible and the state uj of A® A defined hj uj{x <^ y) = 
{p{x^y)l, 1) = T{xy^) satisfies the condition that uj\B<SiB^ is pure because B®B^ = M^2 
and the subspace p{B ® = i? is i^'^-dimensional. 

Let Ut = expit{H ® 1 - 1 ® i/*) = e^*(-f^®i)e-^*(^®-^') and let 7 denote the flow t ^ 
Ad Ut on A ^ A. Then 7s(a; ® y*) = <ys{x) ® o^siyY for x,y E A, where a is the flow on 
A defined by at{x) = Ade**^(x). We should note that U has the following properties: 
p{Ut)l = 1 and Ad p{Ut)7r{x) = nat^x), x E A. 

If as{B) G B for s E [0, 1] for a 5 > with 6 < 10~^, then Christensen jS] shows that 
there is a unitary Vg E tl{A) such that ||1 < 1205^/2 and 

= B. 
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Since {vs ® Vs){as{B) (g) as{By){vs ® Vg)* = B ® B\ we have that 

48051/2 

for t e [0,1]. 

Hence the flow 7 on A A satisfies the condition of Lemma f3. II below for {A, a) with 
B ® B* and in place of B and respectively if we start with the small enough 5 > 0. 
Thus we get a M e U{A ® A) and h e {A® A)sa such that \\u - 1|| ^ 0, \\h\\ 0, and 
7;(S ®B^) = B®B\ te R, where 

7^ = Ad(M*e^*(^«i-i^^*+'^)M) 

is a cocycle perturbation of 7* = Ad Ut. 

Let be a pure ground state oi A^ A with respect to 7'. Then is a product state, 
i.e., = (0|S®S*)®(0|(An5')®(AnS')*)- We consider 5 and (resp. AnB' = M^/k 
and {A n 5')*) irreducibly acting on (resp. C^^^); and then 5 (g) on (g) 
(resp. AnB'^{An Bj on C^/^ ® C^'^). Then there are unit vectors $1 e ® 
and $2 e C^/^ ® C^/^ such that 

(j){x®y) = (x<l>i,$i)(y<l>2,$2), xe B®B\ y e AnB' {AnB'Y. 

Let $ = $1 (g $2 and note that 

u*{H ® 1 - 1 ® + = ^0$, 

where Eq is the minimum of the spectrum of (g 1 — 1 (g if* + 

We may assume that minSpec(if) = and let Ei = maxSpec(if), i.e., 0,Ei G 
Spec(ii) and Spec(iJ) C [0, E^]. From H (g) 1 - 1 ® - \\h\\ <H®l-l(g)H* + h< 
i7(gl - l(g/7* + it follows that -Ei - \\h\\ < Eq < -Ei + \\h\\. Hence we have that 

u*{H ® 1 - 1 (g + Ei)u<^ = {Eq + - u*hu<^ 

has norm less than 2\\h\\ ~ 0. Hence the distance of m$ to the spectral subspace of 
if (g 1 — 1 (g if* corresponding to [—Ei, —Ei + e] is sufficiently small for some small e > 
(depending on \\h\\ and — 1||). Since m$ ~ we thus find a unit vector \1/ in the spectral 
subspace of ii (g 1 — 1 (g ii* corresponding to [—Ei, —Ei + e] such that ^ $ = $1 (g $2- 
Specifically we may assume that 

($,^) = Re($,^) > 1 - e. 

We should note that \1/ belong to the spectral subspace of if (g 1 corresponding to [0, e]. 

Let Vi (resp. V2) be a maximal set of mutually orthogonal one-dimensional projections 
in i?* (resp. {A fl B'Y). Since J2peVi P = 1 J2peP2 P = 1; we have that 

J2 ||(l®PiP2)'^'||||(l®PiP2)*|| > ^Re((l (gpiP2)$,^) = ($,^) > 1 - e 
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and 

J2 ll(l®PiP2)$||||(l®PiP2)^'||||$PiP2 -^PiP^II' <2e, 

where $pip2 (resp. ^l/pipa) is the unit vector c(l ® PiP2)^ (resp. c(l ® ^1^2)^) with 
normahzation constant c > 0. (If (1 ® ^1^2)$ = (resp. (1 ® ^1^2)^ = 0), we can 
disregard it.) Hence there must be pi G Vi and p2 G V2 such that (1 ® PiP2)^ 7^ 0, 
(1 (g)piP2)^ 7^ 0, and 

11$ _ vl/ ||2 < 3f 

(if e < 1/3). We define a representation ttq of A on Httq = Ran(l (8)^1^2) by a; t-^ x ®piP2- 
Since ttq is irreducible and ^p^p2, ^piP2 ^ "^ti-o' there is a unitary v E A such that t> ^ 1 
(depending on e^/^) and 7ro(f)$pip2 = ^piP2- Furthermore, by the choice of there is a 
/c G Asa such that ^ (depending on e) and tto^H)"^ p-^p^ = — 7ro(/i;)\l/pip2- Hence we have 
that 

7r{v* {H + k)v)%,p2 = 0. 

Note that the state (p' of A = A ^ 1 defined through ttq by the unit vector $p^p2 ~ 
c(l ®Pi)$i ® (1 ® P2)^2 with normahzation constant c > is a pure product state with 

respect to A = B(^{AnB'). Since Ad(w*e**(^+^)w)(5) C B with 5' = 5 + 2\\v -l\\+2\\k\\ 
for t G [0, 1], we again reach the situation where the following lemma is applicable, which 
is already used once before. 

Lemma 3.1 For any e > there exists a 5 > satisfying the following condition: Let 
A = M]\f for some N E ISi , B a unital *-suhalgehra of A with B = Mk for some K 
dividing N , H E Asa, 4>i o pure state of B, and 02 o pure state of An B' such that 

^UHQ^-itH ^ Q 

for t G [0, 1] and the state 0i ® 02 of A = B ® {An B') is left invariant under the action 
a : t Ade**^. Then there exist au E tl{A) and h G Asa such that Hm — 1|| < t, < t, 
and 

^*gii(H+/^)^^^*g-it(i/+/0^ = 5, t G R. 

Proof. In the GNS representation (vr,^, Ti^, l]^) of A associated with = 0i (8>02 we define 
a projection E on Ti^ hj E = [7iip{B)Q^]. Here [S] means either the projection onto 
the closed linear span of ^(c Ti^) or the closed linear span itself. Then, by Lemma (3.31 
below, maxtg[o^i] ||e**''^£'e~**^ ~ E\\ is arbitrarily small depending on 6. Hence, by Lemma 
13.41 below, there is a u G U{A) and h G Asa such that m ~ 1, /i ~ 0, 7i^{u)fl^ = Q^, 
T:^{h)VL^ = 0, and 

Ad7r^(M*e'*(^+'^)M)(E) = 

Thus we may just as well assume that Ad7T^{e^^^){E) = E retaining the assumptions 
of the Lemma. 
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Note that E G 7i(p{By. Furthermore if x G -B, then 
E7r^at{x), which imphes that TT^at{B)E = t[^{B)E. Since x ^— tt{x)E is an isomorphism 
of B onto TT(f,{B)E, one can find a map Pt of B into B such that n^at{x)E = 'n^(3t{x)E, x G 
B. We can show that t /5t is a flow on B; e.g., n^{l3sl3t{x))E = n^{as{Pt{x)))E = 

Let ei G -B be a minimal projection such that TT^{ei)Q(j, = fi^. Since 7r0at(ei)fi<^ = fi^ 
(because is a-invariant), it follows that 7r0(at(ei))i? > 7r^(ei)-E, which implies that 

'7i(j,{at{ei))E = TT^{ei)E and A(ei) = Ci. Since at{B) C -B for t G [0, 1], there is an et E B 
such that ||at(ei) — e^H < 5 for t G [0,1]. This implies that ||7r0(ei — et)E\\ < 6, i.e., 
— et\\ < S. Hence we get that ||Q;t(ei) — ei|| < 26 for t G [0, 1]. 

We will then argue that there is a projection p E A and a unitary v E A such that 
p ^ d, 0, w ^ 1, veiv* = p, Ti^{p)n^ = and 7r^{v)E = E. 

Let / be a non- negative C°° function on R of compact support such that j f{t)dt = 1, 
and consider 

J f{t)at{ei)dt, 

which is still close to ei for a small 6 > 0. By functional calculus construct a projection 
p out of it, which satisfies that ^ depending on J \f'(t)\dt (see the proof of 13.41 

below). Since 

7r0( j f{t)at{ei)dt)E = iT^{ei)E, 

we get that tt^{p)E = En^{p) = En^^ei). 
Consider 

z = pei + (1 - j9)(l - ei), 

which satisfies that z ~ 1, tt^{z)E = ETt^{z) = E, and zei = pz, and construct a unitary 
V by the polar decomposition of 2; = \z\v. Then it follows that t{^{v)E = E and veiv* = p. 

Let h = —[H,p]p + p[H,p] = —(1 — p)Hp — pH{l — p), which has small norm as 
we have assumed that ^ 0. Then we have that 7i^{h)E = and [H + h,p] = 

[H,p] — (1 — p)Hp + pH{l — p) = 0. Hence we have reached the following situation: 

The flow if: 1-^ Ad{v*e^^^^'^^'^v) leaves ei invariant and also the projection E onto 

7Tfj^{B)Q^ invariant. Thus we may just as well assume that at = AdUt leaves ei E B 

invariant, in addition to the conditions already assumed. 

Recall that we have defined the flow P on B hj 'K^{(3t{x))E = '7i^{at{x))E, x E B. 
5 

Since at{B) C B ioi t E [0, 1], we have, for x G -B with < 1 and t E [0, 1], an Xt E B 
such that ||Q:f(a;) — Xt\\ < 6, which implies that \\{7iii>{at{x)) — n^{xt))E\\ < 6. Hence we 
have that ||(7r(^(x() — TT^{Pt{x)))E\\ < S or — /3f (x)|| < 6. Thus we obtain that 

\\at{x) - Ptix)\\ <2S 

for X G -B with ||x|| < 1 and t E [0, 1]. 
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Since /3 is a flow on B = Mk, there is a set {eij) of matrix units for B such that 
eii = ei and Pt{eij) = e***^P'~P^^ejj for some pi = 0,p2, ■ ■ ■ ,Pk ^ R- We then define 

K 

vt = ^e'P^^ejiatieij). 
i=i 

Then, since at(eii) = en, Vt is a unitary in A and t h-* ft is an a-cocycle such that 
Vteu = en and T[^{vt)E = E. It follows that Advtat\B = Pt\B, since 

Advtat{eij) = e^'^eixat{exi)at{eij)at{eji)exje~'^'^ = e'^P^'P'^^ Cij . 

Since \\{at - pt)\B\\ < 25 for t G [0,1], we get that ||(Adf* - id)|5|| = UAdv^pt - 
Pt)\B\\ = \\{at — Pt)\B\\ < 26. Now we assert that maXfg[o,i] \\vt — 1|| is small depending 

on 6 (but without depending on the sizes of A and B). 

s 

Since v^Bvt = at{B) G B ioi t E [0, 1], there is a. Wt E V{{A) such that \\wt — 1|| < 
1205^/2 wtV*Bvtwl = B^. Since \\{Ad{wtvl) - id)\B\\ < 2405^/^^25, there exists a 
ut e U{B) such that ||ut-l|| is of the order ||Ad(wtWt )-id||^/^ and Ad{wtvl)\B = Adul\B 
(see 8.7.5 of ^18j). That is, we have that Zf = UtWfV^ E An B', or 

Vt = Z*UtWt. 

Since en = enf^ = enz^ ■ euUtWt and euUtWt ~ en (because Ut ^ I ^ Wt), it follows that 
en^^t ~ en- Since ll^;^ — 1|| = \\{zt — l)eii|| (because Zt E An B'), it follows that Zt ^ 1. 
Thus we get that ft ~ 1. Hence incorporating all the cocycle perturbations made we have 
reached the following situation: There is a cocycle u with respect to a : t ^ Ade^^^ on 
A such that suptg[o,i] 11""* ~ 1|| < ^ Adutat{B) = B. Then the conclusion will follow 
from the following lemma. □ 



Lemma 3.2 For any e > there exists a S > satisfying the following condition: If a is 
a flow on a unital C*-algebra A and u is an a-cocycle such that \\ut — 1|| < 5, t G [0, 1], 
there are v G U{A) and a differentiable a-cocycle w such that ||f — 1|| < e, ||(iwt/(it|t=o|| < e 
for t G [0, 1], and Ut = vwtcxtiy*). 

Proof. This can be shown by using the 2 by 2 trick due to Connes (see Namely 
define a flow 7 on M2 ® Ahy 7t(eii ® x) = en ® ctt(x), 7t(ei2 ® x) = cu ® ai(a;)f*, etc. 
and note that 7(e2i 01) = €21 <^Ut. We approximate e2i ® 1 by e2i (S> f with v G V{{A) such 
that (i7t(e2i ®v)ldt has small norm. Let wt = v*Utat{v), which is an a-cocycle. Since 

1t{e2i (S) f ) = e2i ® utat{v) = 621 ® vwt, 

this concludes the proof. □ 
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Lemma 3.3 For any e > there exists a 5 > satisfying the following condition: Let A 
he a unital C* -algebra, Ai a unital C*-subalgebra of A with Ai = for some K eN, 
and a a flow on A such that 

sup dist(^i, Q;t(Ai)) < 5. 
te[o,i] 

Let (f) be an a-invariant pure state of A such that (f)\Ai is pure and let 

E = MAi)^^]. 
If U denotes the unitary flow on the Hilbert space Ticj) defined by 

Utn^{x)Q^ = 7r^{at{x))fl^, x e A, 

then it follows that 

sup \\UtEU; -E\\ < e. 
te[o,i] 

Proof. Since (j)\Ai is pure, there is a minimal projection e & Ai such that n^{e)fl^ = fl^. 
Note that 7r<;i(Q;t(e))fi0 = C/t7r<^(e)Q0 = Q^. We will assert that ||e — Q;t(e)|| is small. 
Let t e [0, 1]. There is an x e at{Ai) such that — e|| < 5 and x* — x. Since 

TT^{at{e)xat{e))Q4, - = n^{at{e)x)Q^ - 7i^{at{e)e)n^ = 'K^{at{e){x - e))fl^, 

we have that \\7i^{at{e)xat{e))Q^ — < S. Since at{e) is a minimal projection in 
at{Ai), there is a A G R such that at{e)xat{e) = Xat{e). The above inequality shows that 
|A — 1| < 5 or \\at{e)xat{e) — at(e)|| < S. Since — e|| < S, we then have that 

||Q;t(e) - at{e)eat{e)\\ < 2S. 

Hence it follows that 

||Q;t(e) - Q;t(e)e||^ = - e)Q;t(e)|| < 26. 

In the same way we get that ||e — eQ;t(e)|p < 25. Since ||e — Q;t(e)|| < ||e — eQ;t(e)|| + 
||eQ;t(e) — Q;t(e)||, we obtain that 

||e-at(e)|| < 2V2S < 35^^\ 

Let w & Ai he a partial isometry such that w*w = e. We will assert that there is a 
partial isometry y G C(t{Ai) such that y*y = at{e) and |||/ — w|| is small. 

Let z G at{Ai) such that \\z — w\\ < S. Note that ||^Q;f(e) — w\\ < \\{z — w)at{e)\\ + 
\\w{at{e) — e)|| < S + 35^/^. If 5 is sufficiently smaU, then A = ||2;Q;t(e)|| is close to 
1, as |A — 1| < 5 + 35^/^. Then y = \~^zat{e) is a partial isometry in at{Ai) such 
that y*y = at{e) and \\y — w\\ < 26 + 66^^"^. The latter follows because \\y — w\\ — 
\\X-^zat{e) - w\\ < \\zat{e) - w\\ + \\{X-^ - l)zat{e)\\ <6 + 36^/^ + |1 - A|. 
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Let at — AdUt as a weakly continuous flow on S(7Y<^) and note that at{E)l-i^ — 
[nfl,{at{A]))Q.^. We will assert that 

inf Spec(Eat(E)E) = inf \\at{E)Ei\\^ 

is close to 1, where the spectrum is taken as an operator on Eli.^ and the infimum is 
taken over all unit vectors ^ e EUcf, — [77^(^1 Note that this infimum is obtained as 

inf sup \ {n^{y)VL^,'K^{w)VL^)\^ , 

W y 

where w runs over all w & Ai with w*w — e and y runs over all y e 0:4(^1) with 
y*y — at{e). For each w E Ai with w*w — e, we choose y e at{Ai) with y*y — at{e) such 
that \\w — y\\ < 25 + 65^^^. Since \\y*w — e\\ < \\{y* — w*)w\\ < \\y — w\\ and 

{n^{y)Q^, 7r^{w)Q^) = 1 - {Q^, 7r^{e - y*w)Q^), 

We have that 

\{7i^{y)n^,7r^{w)n)\ > 1 - {2S + 6S'/^). 

Hence we get that 

miSpec{EatiE)E) > 1 - (4:6+126^/^). 
Thus, if t G [0, 1], we have that \\Eat{E)E - E\\ < 61, where 61 = 46 + 126^/^. In the 

1 /2 

same way we have that \\at{E)Eat{E) — at{E)\\ < 61. Then we get \\E — at{E)\\ < 36-^ 
as before. Since ~ 2\/35^/'', this concludes the proof. □ 

Lemma 3.4 For any e > there exists a S > satisfying the following condition: Let 7i 
be a Hilbert space, E a projection on Ti,, and H a self-adjoint operator on Ti. such that 

for t e [0, 1]. Then there exist a unitary u onTi. and a hounded self-adjoint operator h on 
Ti such that \\u — 1|| < e, < e, and 

Moreover if Q E H is a unit vector such that ED, — Q and e^^^D, — Q, the above u and h 
can be chosen so that ufl — fl and hfl — 0. 

Proof. Let / be a non-negative C°° function on R of compact support such that J f{t)dt ~ 
1. Then for any projection E and a self-adjoint operator H on H, we define, for n e N, 

En^- I f{t/n)Ade'^"{E)dt 
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and estimate 

\\[iH,En]\\<^- I \f'{t)\dt, 

which is close to zero depending on n only. If 6 is sufficiently small, i.e., \\En — E\\ ^ 0, 
then we can define a projection F„ by functional calculus by 




where C is the path \z — 1| = 1/2 (see, e.g., f20^). Here we may assume that the distance 
between C and Spec(i?„) is greater than 1/4. Since F„ is close to En, this is also close to 
E depending on — Since 

[zH, F„] = -i / - z)-^[tH, En]{En - z)-'dz, 
J c 

the norm of [iH, F„] is smaller than 16 1| [iH, En\\\. Since we may define u to be the unitary 
obtained from the polar decomposition oi z = FnE + (1 — Fn){l — E) = 1 — {1 — Fn)E — 
Fn{l — E) ^ 1 and h as —(1 — Fn)HFn — FnH{l — Fn) ~ 0, this completes the proof of 
the first part. 

If f2 is a unit vector such that EVL = Q and HQ = 0, it follows that EnQ = Q, 
FnQ = Q, zQ = Q, hQ = 0, i.e., the last conditions follow automatically. □ 



4 UHF algebras 

The previous result 11.51 can be extended to approximate UHF fiows. 

Proposition 4.1 For any e > there exists a 6 > satisfying the following condition: 
If a is a flow on a UHF algebra A and (An) is an increasing sequence (An) of finite 
dimensional unital C* -subalgebras of A such that [J^An = A, An = Mk„ for all n, and 
5n = supjgp dist(a;t(y4„), An)— >0 with 6i < 6, then there is an a-cocycle u such that 
supjgjQ \\ut — 1|| < e and k.dutat{An) = An for n = 1 and infinitely many n. 

Proof. Let r denote the tracial state of the UHF algebra A. We denote by (vr^, Hr, Qt) the 
GNS representation associated with r and recall that the canonical conjugation operator 
J is defined by 

j7rr{x)Qr = 7rT-(x*)r2T-, X & A. 

By using the fact that JtXt-{A)" J = -KriA)', we define an irreducible representation p of 

A (g) A°P in Hr by 

p{x (g)y) = TCr{x)jTTr{y*)J, X (g) y G A (g) A°P , 

where A"^ is the opposite C*-algebra of A; i.e., A"^ = A as a Banach space with the same 
involution and the new product xoy = yx. We check that p is indeed a representation of 



13 



A (g) A°P by p{x y)p{a ® 6) = nr{xa)Jnr{y*b*)J = Tir{xa)J-Kr{{y o h)*)J = p{xa ®y oh) 
and note that A ® A°^ is a UHF algebra with dense IJ^ An (S> An- We define a state u of 
A A°P by a;(^) = (p(z)f2^, fir). Since p(v4„ ® A„)f2T- = '7ir{An)flT is i^^-dimensional, we 
know that uj\An ^ An is pure for all n. (If (ejj) is a family of matrix units for An, then 
p = Kn^ ® ^ji is a minimal projection in An ® v4„ such that p{p)flT = fir-) 

We define a unitary fiow f/ in Tir by 

f/(7rT-(x)i7T- = 7r^at(x)i7^, x E A. 

Since f/tp(x y)^^r = 7r^at(a;)7i"r«t(2/)^r = ® at{y))^Ti we get that Adf/^p = 

p o ® Note that u o i^at® cut) = t^- 

If 5n is sufficiently small and t G [0, 1], there is a unitary G A, by [6^, such that 
ll'^n — 1|| < 1205^^ and f„a;t(y4„)t>* = An- Hence we get that 

M{Vn ® V*n){at ® at){An ® An) = An ® An- 

This implies that dist((at ® at){An ® v4„), An ® An) < 4805^^ for t G [0, 1]. 

Hence we shall first show the following weaker version of this proposition. □ 

Lemma 4.2 For any e > there exists a 5 > satisfying the following condition: If a is a 
flow on a UHF algebra A, is an a-invariant pure state of A, and {An) is an increasing 
sequence {An) of unital finite dimensional C*-subalgebras of A such that [Jn^n = A, 
An = Mk„ for all n, 4>\An is pure for all n, and 5„ = sup^g^ ^ dist(at(A„), y4„)-^0 as 
n—>-oo with 6i < 6, then there is an a-cocycle u such that — 1|| < e for all t G [0, 1] 
and Kdutat{An) = An for n = 1 and infinitely many n. 

We will prove the above lemma by induction. What we need is the following lemma 
for a unital C*-algebra A. 

Lemma 4.3 For any e > there is a 5 > Q satisfying the following condition. If a is 
a flow on a unital C* -algebra A, (p is an a-invariant pure state of A, and Ai is a unital 
C* -subalgebra of A such that Ai = Mk for some K, (t)\Ai is pure, and 

sup dist{at{Ai) , Ai) < 5, 
ie[o,i] 

then there is an a-cocycle u such that \\ut — \ \\ < e for all t G [0, 1], ^Adwjat = (p, and 
AAutat{Ai) = Ai. 

Proof. In the GNS representation {Tr^,H(j,,Q(j,) associated with 0, we define a unitary 
fiow U by Utn^{x)fltf> = 7r^(«t(a;))^^0, x E A and denote by H the self-adjoint generator 
of U: Ut = e'^^. 

We define a projection Ei in Hfj, by 

El = [7f^{Ai)Q^]. 
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Note that Ei is a projection in 7T^{Aiy of rank K and Ai 3 x ^ 7c^{x)Ei is an irreducible 
representation of Ai. As in the proof of 11.51 \\UtEiUl — Ei\\ is close to zero depending on 
6. Then we find a projection F of finite rank such that Ei ^ F, FQ^ = Q^, \\[H,F]\\ ^ 
0. We also find a unitary Z on the subspace L spanned by EiH^ and FH.^ such that 
Z ^ 1, ZQ^ = Qfp, and F = ZEiZ*. By using Kadison's transitivity jHl CBj, we find 
a M G W(y4) such that tx^{u)\L = Z\L and \\u — 1|| < 2\\Z — 1||. We also find an 
h G v4sa such that TT^{h) = —(1 — F)HF — FH{1 — F) on the subspace spanned by 
FH^, and (1 - F)HFn^, and \\h\\ < 2||(1 - F)HF\\. Then it follows that TT^iu)^^ = fi^, 
7i^{h)Q^ = 0, TT^{u)Ei7i^{u*) = F, and [-f?^, -F] = — [vr0(/i),F] as well as -u ~ 1 and 
h ^ 0. Note that all the estimates depend on 6 but not on the size of Ai and that 
Ad{7ifj,{u)* e^^^^'^^'i'^^^^ 7c^(u)) El = 0. If ei denotes the minimal projection of Ai such that 
7i^{ei)Qif, = Q^, we may also suppose that {6a + ad(i/i))AdM(ei) = (see the proof of 

ini). 

Let a't = Adue'^^^^+^'^'^^Adu*, which is a small cocycle perturbation of a. We then 
define a flow /3 on by 

7i^{a[{x))Ei = 7i^{Pt{x))Ei, X G Ai. 

It follows from the commutativity of Tifp^u)* e^^^^'^'^'f'^^'^^ 7r^(u) and -Ei that /? is indeed a flow. 
Then we derive that \\{a[ — /5i)|A„|| < 26', where 6' = sup^^jg i] dist(a^(74i), Ai) which is 
small depending on the original 6 > sup^gjg i] dist {at { Ai), Ai). We choose a family (cjj) 
of matrix units for Ai such that Pti^n) = e^^^^en for some pi = 0,p2, ■ ■ ■ ,Pk ^ with 
eii = e„. Noting that en = a^(eii), we define an a'-cocycle 

vt = ^e'P'*eiia't{eii). 

i 

We show that 7r0(t>()fi(^ = 17^, t>( ^ 1 (depending on 6'; see the proof of 13. ip . and 
Adf^aJlAi = Thus a" = Adf^a^, which is a small cocycle perturbation of a, 

satisfies the required condition. Note that the estimate of how far a" is from a does not 
depend on the size of Ai, thanks to the estimate in 5.3 of □ 

To prove Lemma 14.21 we apply the above lemma inductively. By choosing 6 small 
enough, we guarantee the above lemma applies to Ai, thus we find an a-cocycle such 
that maXig[o,i] Wu] — 1|| < e/2, a] = Adula^ fixes Ai, and = 0. To proceed to the 
next step, we just note that 

6n = sup (a] {An nA[),Ann A[)^0 
ie[o,i] 

as n^oo. We find n2 > 1 such that 6n2 is sufficiently small so that we find an a^-cocycle 
in An A[ such that max^gp,!] II""? ~ M\ < = Adu^a] fixes An^, and (pa'f = 0. 

We repeat this process inductively. 
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Lemma 4.4 For any e > there exists a S > satisfying the following condition: Let a 
be a flow on a unital C* -algebra A and Ai a unital C* -subalgebra of A such that Ai = 
for some K . Let u be an a® a-cocycle, where t at® at is a flow on A® A"^ , such that 
maXig[o,i] \\ut — 1|| < 5 and k.dut{at ® at) fixes Ai ® Ai. Let (p be a pure ground state of 
A ® A"^ with respect to the flow t Adut{at ® at) (such that (f)\Ai ® Ai is pure). Then 
there is an a-cocycle v such that maxtg[o,i] \\vt — 1|| < e and Advtat fixes A^. 

Proof. We may suppose that u is given as wvt{at ® at){w*), where w E U{A® A°^) and v 
is a differentiable a ® a-cocycle with ih = dvt/dt\t=o such that \\w — 1|| < 5 and \\h\\ < 6 
(seeQ. 

Let {n^,TC(f„fl^) be the GNS representation of A ® A°^ associated with 0. Since 
01 = 01 ® Ai and 02 = 0|(^ H A'^) ® {AP\ A'^) are pure, (vr,^, Ti^, VL^) is identified with 
(vr0, ® TT^^,H,p^ ® H^2y%i ® ^02)> where (tt^^, 7Y<^^, Q^J is the GNS triple for 0j. 

We define a unitary fiow U in by 

Utii^{x)VL^ = Tr^Adut{at ® at){x)^l^, x E A® A°^ . 

Let H be the generator of U . Since is a ground state, we have that H > and 
Hfl^ = 0. Let Ho = Ti^{w*)H'K^{w) — TT^{h), which is a self-adjoint operator in with 
the domain V{Hq) = n^{w*)V{H) and let Eq be the spectral measure of Hq. Then, since 
Ad Ut o [at ® at) = Ad w o Ad vt o [at ® at) o Ad w*, we have that 

Ade'^"°n^[x®y) = n^[at[x) ®at[y)), x,y e A. 

Since Hq > —\\h\\ > —5 and \\Ho7i^[w*)Q^\\ = \\7!'(i,[hw*)Q^\\ < 6, we should note that 
Eq[—5, 5^^'^]Trfi,[w*)il^ has norm close to 1, or more concretely, \\[Eq[5^^'^ , oo)7r^[w*)ilfj,\\ < 

Let TT denote the representation of A in T-i^j, defined by 7r(x) = ^^[x® 1), x E A. Since 
Ti^ is irreducible, t^[A)" is a factor. Since Hq is bounded below, the Borchers' theorem 
[20] tells us that there is a unitary fiow V in t^[A)" such that Vt'n[x)Vt = Utn[x)Ut = 
7iat[x), X E A. Let Hi be the generator of V and let Ei be the spectral measure of Hi. 
Note that Hi is bounded below and is unique up to constant. 

Let P' = [TT[A)Eo[-6,6^/'^]n^] and P = [TT[A)'Eo[-6,5^/^]n4,]. Note that P' E 7r(A)'n 
U', P E n[A)" n U', and PP' > Eo[-5, 5^/'^]. Then we have: 

Lemma 4.5 PP' < Eo[-6,6 + 25^2] . 

Proof. This is proved in ^Uj, but we give a proof here. 

Let A E Spec(f/PP')- Since [PP'H^] = [Pn[A)PEo[-6, 6^/^]n^], for any e' > there is 
aQE P7i[A)P and ^ E Eo[-5, 5^/^]n^ such that and Specu[QO ^ (A-e',A + e'), 

where Specj7(C) is the fZ-spectrum of (, meaning the least closed subset i? of R with 
Eo[B)C = C, for C e ^0 (see UHl). We may assume that Spec^[Q) C [X-e'-5^/^, \+e'+5), 
where a is the (weakly continuous) fiow t i— AdUt on B[l-i^) and Spec^(Q) is the a- 
spectrum of Q G B[H^). Since (5*Eo[-^, 5^^^] 7^ 0, there is an 77 G i?o[-5, such 
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that Q*r] ^ 0. Since Spe%(g*77) C Spec^((5*) + Specj;(77) C (-A - e' - 25, -A + e' + 
25^2) n Spec(C/PP') 7^ or 

A e -Spec(C/PP') + (-e' - 25, e' + 2(5^/2)_ 

Since e' > is arbitrary, we get that 

A e -Spec(f/PP') + [-25, 25^/2] ^ ^ ^ 25'/']. 

Since A > —5, this concludes the proof. □ 
Hence it follows that for a small 5 > 0, 

Spec^(P7r(^)"PP') C [-25 - 25^/^ 25 + 25^/2] C [-35'/^ 35^/']. 

Since P7r{A)"P 3 Q ^ QP' G Pti{A)" PP' is an isomorphism intertwining a, it also fol- 
lows that Spec5(P7r(A)"P) C [-351/2,351/2] and that max Spec(i/iP)-minSpec(ii'iP) < 
351/2. Hence adjusting a constant to Hi we may suppose that 

p < [0,351/2]. 

Then it automatically follows that Hi > -5^/2 - 5 > -25^/2. Because if ^i(-oo, -5^/2 - 
5') 7^ for some 5' > 5, there is a non-zero Q G 7r(A)" such that Q — £^i(— 00, — 5^/2 — 
5')QP as 7r(A)" is a factor. Then it follows that SpeCjf((5) C (-00, -5^/2-5']. Since there 
is a ^ e i?o[— 5, 5i/2]7i0 such that ^ 0, we reach the contradiction that SpeC[;((5^) C 

(-00, -5'] c (-00, -5). 

Since P > Po[-5,5i/2], we have that Eo[-5,5i/2] < Ei[0,35i/2]. 

Let TTi (rcsp. 1x2) denote the representation of Ai defined by tii{x) = 7r(^^(a;®l), x E Ai 
(resp. 'K2{x) = 7r^2(x(8)l), x e AnA[). Note that tt = 7ri(8)7r2 while A = Ai(8)(AnA'J. Let 
F = [7i{A)Q^] = [Ki{Ai)Q^^](S)[7r2{AnA[)n^^] e 7r(A)'. We will restrict the representation 
TT to the cyclic subspace FH^ below. 

Since - F)Ti^{w*)n4 < 5 and 

11(1 - £;i[0,35i/2])7r^(^/;*)Q^|| < ||£;o(5i/2,oo)7r^(«;*)Q^|| < 5^2, 

we have that ||PEi[0, 35i/2]7r<^(w*)0^ - < 25 + 5i/2. Let ^ = cPEi[0, 35^/2] 7r0(w*)l]<^ 
have norm one with c > 0. Then we may suppose that ||^ — Jl^H < 25^/2 (for a small 
5>0). 

Note that F is given as Fi F2, where Pi = [7ri{Ai)n^^] and P2 = [7r2{A fl A^)^^^]. 
Wc choose a maximal abelian W*-subalgebra Ci (resp. C2) of Pi7ri(Ai)'Pi (resp. P27r2(An 
Ai)'F2) so that C = Ci®C2 is maximal abelian in F7r{AyF, where Ci is finite-dimensional. 
We apply the decomposition theory to the cyclic representation Ptt with the cyclic vec- 
tor fl^ — Q^j^ (8) ^4,2 with respect to this maximal abelian W*-subalgebra C. Let Ki 
be the character space of Cj and let Ui be the probability measure on defined by 
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Q e Ci ^ (QJl^., Q</,.). Then one can express {Ftt, FH(i),ft(j)) as a direct integral over 
(Ki X K2,ui0 U2); e.g., 



Fn4,= / Hiisi) ^n2{s2)dPi{si)du2{s2), 
JKIXK2 

where (7ri(s), 7ii(s), (^i(s)) is the representation associated with s G K^. Note that Tii{s) is 
irreducible for almost all s E Ki. 

Recall that ^ e FTicf, and let /i be the probability measure on Ki x K2 defined by 
Q E C {Q^ , ^). Then ix is absolutely continuous with respect to u — vi® 1/2; so we 
set / = dn/du. Then we have 

/•e 

* = / v{si:S2)f{si,S2)diyi{si)du2{s2). 
JK1XK2 

where r]{si, S2) is a unit vector in 7Yi(si) <S> 7^2(52)- 

Since (i^i + e 7r(74)", we get a measurable function (si,S2) ^ B{si,S2) G (tti (8) 
7^2) {A)" such that 



(i/i + l)-iF= / 
Jr 



B{si,S2)dl'l{Si)dl'2{s2). 

KIXK2 

For almost all (si, S2) G -ftTi x ^^2, S2) is given as {Hi{si, S2) + where Hi{si, S2) 
is self-adjoint with Hi{si,S2) > -26''^/'^. Setting 14(51,52) = e^^^^i'^'^^) , we get that 

/■e 

VtF^ Vt{si,S2)dui{si)du2{s2), teR. 

JKiXK2 

Since £^i[0, 35^/^]^ = ^, it also follows for almost all (si, S2) that 

S2)[0, SS'/^Hsi, S2) = r7(si, S2), 
where Ei{si,S2) is the spectral measure of Hi{si.S2). and that 

AdVt(si,S2)(7ri(si) (8)712(52)) = (7ri(si) 7r2(s2))Qit. 

Note that 

||0<^-*|| = / ll^i(si) (8) 6(^2) - V fi^i^^2)rj{si,S2)\\'^diyi{si)dP2{s2) 
JK1XK2 

[I + /(si,S2) - 2v//(si,S2)Re(^i(si) ® 6(^2), r/(si, S2)))rfi/i(si)(ii/2(s2). 



Since H^l^ — < 45, we have (si, S2) G x ^2 such that all the previous conditions 
are satisfied for this (si, S2) and /(si, S2) < 1 and 



1 + /(si, S2) - 2V/(si,S2)Re(6(si) ® 6(^2), ?7(si, S2)) < 45. 
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The latter two conditions imply that 

1 - Re(ei(si) ® Us2),visi, S2)) < 1 - V/(si,S2)Re(ei(si) ® 6(^2), ^^(si, S2)) < 25'^'', 
which in turn implies that 

Ui{si)®Us2)-v{si,S2)\\<^6'/'. 

Thus we find Si G Ki and S2 G such that the above norm estimate holds, 7rj(sj) is 
irreducible, AdVt{si, S2) implements at in 7ri(si) ®tt2{s2), and 

-Ei(si,S2)[0,35^/^]r7(si,S2) = r]{si,S2). 

We can then find a 2; G U{A) and 6 G such that z ~ 1, vri(si) ® vr2(s2)(;z)^i(si) C?) 
6(-S2) = ?7(si,S2), ^ 0, and (ifi(si,S2) + (vri(si) » vr2(s2))(fe))r7(si, S2) = 0. Thus we 
have a small a-cocycle w such that the perturbed Adwtat has a pure invariant state 
which is pure on Ai, i.e., Wt = zvta{z*), where v is the a-cocycle defined by dvt/dt\t=o = ib 
and 'ijj{x) = (7ri(si) (S) vr2(s2)(x)^i(si) ® 6('S2), ^l^i) ®6(s2)), a; G A. Now we are in the 
situation where we can invoke Lemma f4. 31 □ 



5 AF algebras 

To prove Proposition II .fil we first show it in a special follows: 

Lemma 5.1 For any e > there exists a 6 > satisfying the following condition: Let A 
be a unital C*-algebra and let a he a flow on A. If D is a unital finite- dimensional abelian 
C* -subalgebra of A such that 

sup II (a^ — id)|Z}|| < 5, 

\t\<i 

then there is an a-cocycle u such that max|(|<i ||m( — 1|| < e and A(iutat{x) = x, x G -D. 

Proof. The main point here is that we can choose 6 > independently of the dimension- 
ality of D] otherwise the lemma would be obvious. 

Suppose that we are given a unital C*-algebra A and a fiow a on A. 

Let / be a non- negative C°°-function on R of compact support such that f f(t)dt = 1. 
We define a unital completely positive (or CP for short) map a/ on A by 

af{x) = J f{t)at{x)dt. 

Since 5aaf{x) = — J f'(t)at{x)dt, we get that 

IKajW < f \f'{t)\dt. 
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Given a small e > we choose such an / satisfying 

J \f'mt<e, 

which entails ||5Q,a/|| < e. Then we choose 6 > such that 

S j /(t)(l + |t|)c/t<eV2. 

Suppose that we are given a unital abelian finite-dimensional C*-subalgebra D of A 
such that sup|(|<i — id)|D|| < 6, which entails that 

||K-id)|Z}||<eV2. 

Then we get that 

af{u)af{u)* > 1 — 

for any unitary u E D. 

What we do in the following is to find a homomorphism $ of D into A in a close 
neighborhood of af such that the norm ||5q:$|| is small depending on ||5Q,a/||. To find 
such a $ we will follow the strategy taken by Christensen for the proof of 3.3 of 

Let {t^iU) be a covariant faithful representation of {A, a). By Stinespring's theorem 
we get a representation p oi A such that Tip D T^tt, [p{.A)1-Lt,] = 'Hp, and 

n{af{x)) = Pp{x)\'Hn, x e A, 

where P is the projection onto Tiyr, i.e., P = 7r(l). This representation p can be obtained 
as follows: We define an inner product on the algebraic tensor product A by 

* j i j 

We then define a representation p of A on A by 

p(a) ^ a;i = ^ axj ^j. 

i i 

Then Hp is defined as the completion of the quotient of A TCn by the linear subspace 
consisting of J2i ® with || Xj 0^j|| =0 and p naturally induces a representation of 
A on Hp, which we will also denote by p. We regard Hn as a subspace of Hp by mapping 
Hn into A Htz by ^ I— *• 1 ^, which we can easily check is isometric. For each t G R we 
define an operator Vt on AQ H^ by 

Vt^Xj 0^i = ^at(xi) ^Ut^i. 

i i 
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Then V = (Vt, t G R) induces a unitary flow on Hp, which is denoted by the same symboL 
Then we check that VtP = PVt, Ut = VfP, and Vtp{x)Vt* = pat{x), x e A. 

Let B be the C*-algebra generated by p{A) and P; then it follows that PBP C tt{A). 
We define a flow (3 on B hj Pt = AdVt|P, which satisfies that (3tp{x) = pat{x), x E A, 
Pt{P) = P, and PtT^{x) = nat{x) hr x e A with ti{x) e PBP. 

By mimicking the proof of 3.3 of Christensen we define 

R= p{u)Pp{uydu{u) e p{Dy nB, 

Ju{D) 

where u is normalized Haar measure on the compact group U{D). Since \\p{u)P — 
Pp{u)\\ = 11(1 - P)p{u)P - Pp{u){l - P)|| is equal to 

max \\Pp{z){l - P)p{zyPf/^ = max ||1 - 

z=u,u* z=u,u* 

we get that ||P — P|| < e. Since P is a projection and < P < 1, we have that 

Spec(P) C [0,e] n [1-e, 1]. 

If Q denotes the spectral projection of R corresponding to [1 — e, 1], it follows that Q G 
p{Dy n B and 

\\P -Q\\<\\P- R\\ + \\R - Q\\ < 2e. 
Let be the dimension of D and let {ei)fLi be the family of minimal projections in 
D. Then the above R is also given as P = J2iLi p{^i)Pp{^i)- We set = naf{ei). Since 

N 

pR^'p = J2 

i=l 

for any n G N and n = 0, we get that 

N oo , N 
i=l n=0 1=1 

Since 

5p{Pp{u)Pp{u)*P) = 5/3(7r(a;/(u)Q;/(n)*)) = 7r{6aaf{u)af{uy + af{u)6aaf{uy) 

for u G U{D), we get that \\Sp{PRP)\\ < 2e. Similarly we get that 

\MPR"P)\\ < {n + l)e. 

This implies that Pe^^^p belongs to the domain of 5j3 for t G R and that ||5^(Pe''*^P) || < 
e(el*l + el*l|t| — 1), which grows too rapidly in t. Since ||(5/3(e**"') || < |t| ||5/3(ai)|| < e|t|, we 
get, from the expression of Pe^^^P in terms of Oj's, that 

||5^(Pe**«P)|| <iVe(l + |t|), 

which depends on the dimension of D. We shall give another estimate of ||(5/3(Pe**'^P)||, 
which grows polynomially in t and is independent of N: 
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Lemma 5.2 With P, R as above andteR it follows that \\Sp{Pe'*^P)\\ < e{2\t\+t^/2). 
Proof. Note that 



By using 



5,iPe-^P) = E E E ^^a%{a^)<-'- 

i=l n=0 k=0 



k\ ■ (n 

the above equation equals 



i— 1 »i— n I — n ""J V / 



i=l n=0 ifc=0 

Substituting n + l = l + A; + ^in the above formula, we get that 

oo oo A'' 



{istai)'' — s)taiY 



k=o e=o i=i 

fc=l £=0 i=l "^0 ^ ' 

, "^V^V^ /"^ {istaiY {i{l-s)taiY 



k=o e=i i=i 



k\ (^-1) 



Note that the sum over i for /c = and £ = of the first term is zero because ai) = 

Si3{P) = 0. We will evaluate the norm of the rest of the first term by splitting it into three 
terms Si = Efc>i,^>i, ^3 = Efe=o/>i' and Efe>i/=o' where ^ • ■ ■ ■ is omitted. Similarly 
we will split the second term into two terms E2 = X^fc>i e>i^ Efe>i e=o third 
term into two ^k>ie>i'^i ^4 ~ '^k=oe>i^i before evaluation. We can easily see 
that the unnamed terms can be expressed in terms of the named Si, ... , S4. 
We set 



N 



i=l 



Since ||5/3(ai)|| < e, we get that ||T|| < e. If /c > 1 and £ > 1, it follows that 



TV 



J^O'i^piaM = PR'^-^TR^-^P. 



1=1 

We set 



N N 



i=l i=l 
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If £ > 1, it follows that 



N 



i=l 

We assert that H^*!! < e. Since SS* = X^^^ 5/3(ai)ai^/3(ai) and < < 1, we get that 

N 
i=l 

where X = ((5/3(ai), 5^(02), ^/^(aAr)) £ Mij^{A). We naturally extend o; to a flow 
on Min{A) C Mat (A), which we will also denote by a. Similarly we extend tt to a 
representation of Mn{A) — ® A on (8) 7i^. Then, since Sp{ai) — 7rSaaf{ei), it 
follows that 

X = n6aaf{e), 

where e = (ei, 62, ... , cn), which has norm 1. Since ||5q;Q;/|| < e, which depends only on 
/, we get that ||X|| < e. This implies that < e. 
Deflne a C°°-function /i on R by 



it ^ k\ 



k=l 



and note that \h{t)\ < 1. Since 



J2^-^R'-' = tst-h{stR), 

k=l 



we get that 



fc=i e=i i=i •'O 



= /" ds{-s{l- s)t^)Ph{stR)Th{{l- s)tR)P, 
Jo 

which has the estimate < We also have the following: 

= / ds{-s{l - s)t^)Pe'''^Th{{l - s)tR)P, 
Jo 
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which has the estimate ||E2(t)|| < Furthermore we compute: 



S3 



it) . ±t f\s5,ia.)^^^^^^ 
e=i i=i ^■ 




which imphes that 



^3(^)11 < e\t\/2. We also compute: 



S4 



i=l i=l 




which imphes that 



^4(^)11 < e\t\/2. Since 



+ E2(t) + ^2{-ty + E3(t) + E3(-t)* + E4(t) + E4(-t)*, 



we get the desired estimate. 



□ 



Let be a C°°-function on R of compact support such that g{t) = for i e [0, 1/3] 
and g{t) = 1 for i e [2/3, 1]. We assume that e is sufficiently small; in particular, e < 1/3. 
Then Q = g{R) is the spectral projection of R corresponding to [1 — e, 1]. We have already 
noted that ||P - Q|| < 2e, which implies that Spec (PQP) C [1 - 2e, 1] on PHp = H-j^. 
Thus the support projection of PQP (resp. QPQ) is P (resp. Q). 

We define a function ^ on R by 




Then we know that ^ is a rapidly decreasing C°°-function and that 




Since Pg{R)P G D{S0) and 




we get, by the previous lemma, the estimate 
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Suppose that we give such a function g beforehand and let 

Ci = y" \m\m+tV2)dt. 

Then we choose e > so small that Cie is sufficiently small. Since Spec(PQP) C [2/3, 1] 
(on PHp = Htt), we have that {PQP)~^^'^ G D{5p). In the same way as above we have a 
constant C2 such that 

\\5p{{PQP)-^/^)\\ < C2\MPQP)\\ < CiCse, 

which we assume is sufficiently small. 

We define a CP map $ of into PBP C it (A) by 

= {PQP)-^/^PQp{x)QP{PQP)-^'^, xeD. 

Let W = {PQPy^/'^PQ e B, which is a partial isometry such that WW* = P, 
W*W = Q, and = Wp{x)W*, x e D. Since [p{x),Q] = for x G -D, $ is a 

unital homomorphism. Since \\PQ — P|| < 2e, we have the estimate — P|| < 3e (see 
2.7 of jlj). Since Pp{x)P = naf{x) ~ 7r(x) (up to e^/2) we get for a; G -D with < 1 
that 

||$(x) -7r(x)|| < 3e + eV2. 

Thus $ is an injective homomorphism from D into PBP C 7r(y4) such that $ is close to 
tt\D. 

Let X = a;iei G be such that ||a;|| < 1, i.e., maxj |a;j| < 1. For the same 

reasoning as for Pe**^P in the above lemma, we can conclude that Pe**^p(x)P G -0(5/?) 
with the same estimate 

||5^(Pe^*V^)P)|| <6(2|t|+tV2). 
(In the proof of the above lemma we just have to replace T and S by 

TV TV 

T' = ^XieiPSf3{ai)Pp{ei) and S' = '^XiP5p{ai)Pp{ei), 

i=l i=l 

respectively. Both T' and 5" have the same estimates ||T'|| < e and H^'H < e as before since 
||x|| < \.) Thus we get that PQp{x)QP G -0(5/?) and hence $(2;) G -0(5/3); moreover, since 
||5^((PgP)-i/2)|| < CC^e, ||(PgP)-i/2|| < (1 _ 2e)-V2, and \\6f,iPQpix)P)\\ < C,e, we 
have that 

\\6f,mx))\\ < 2CiC2e(l - 2e)-i/2 ^ _ 2e)-iCie 

for X G -D with ||x|| < 1. 

Identifying A with 7r(yl) and summing up the above arguments, we have proved the 
following assertion. For any e > there is an injective homomorphism $ of D into A 
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such that 11$ - id|| < e and C D{5a) and ||(5a|<l>(L') || < e. By 4.2 of |3] such a $ is 

implemented by a unitary w & A such that \\w — 1|| < 2e (and = wxw*, x G -D). 
Let Di = We define /i = /i* e A by 

ih = 6a{u)u*di'{u), 

Ju{Di) 

where u is normahzed Haar measure on the compact unitary group 14 [Di). Then it follows 
that \\h\\ < e and [ih,x] = Sa{x), x G Di. Let u denote the differentiable a cocycle such 
that ■^ut\t=o = —ih. We set vt = w*Utat{w), which is an a-cocycle such that 

max \\vt — 111 < 2||u' — 1|| + e < 5e 
\t\<i 

and 

Advtat{x) = Ad w* Ad utat^{x) = Adw*^{x) = x, 
for X E D. This concludes the proof of Lemma f5. II □ 

It is instructive to see what $ is. By computation, since Q = g{R), we have that 
PQp{ei)P = aig{ai). Since Spec(ai) C [0, e] U [1 — e, 1], if gi is a continuous function on 
R such that g = on [0, 1/3] and g(t) = t on [2/3, 1], we get gi{ai) = aig^ai). Thus it 
follows, with such a gi, that 

^{e,) = h-l''g,{aj{e,))h-l/\ 

where hg^ = J2j^=i9ii^fi^j))- (Since there is freedom in the above proof, we may as well 
take g instead of gi in the above formula (with a small but different ||5q,|$(D)||). Thus 
the spectral projections g^'s of a/(ej)'s corresponding to [1 — e, 1] may not be mutually 
orthogonal, but Qj)~^^'^'liCl2j Qj)~^^'^'s are mutually orthogonal projections.) 

Proof of Proposition \1.(A 

What we have to show is that Lemma 15.11 follows without the assumption that D is 
abelian. Hence suppose that D is a unital finite-dimensinal C*-subalgebra of A such that 

sup II (a* — id)|D|| < (5, 

l*l<i 

where 5 is the one obtained for e in Lemma 15.11 Let Z he a maximal abelan C*- 
subalgebra of D. Then by Lemma l5.ll we get an a-cocycle u such that Adutat\Z = id 
and max|t|<i \\ut — 1|| < e. 

Let (elj"^) be a family of matrix units of D such that the linear span of e-f^ for all i 
and k equals Z. We set 

Vt = e'i'l'^ Ad utat{e[f), 

k i 

for t G R, which is an Adwa-cocycle. Then we have that 

Ad{vtut)at{e^^) = eSAd«,a,(efiel?ei?)e;? = e^. 
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i.e., Ad{vtUt)at\D = id. Since ||t>t — 1|| is equal to 

\\J2ef,\MuMe['i^)-e[f)\\=ma^\\AduMe[f)-e[f\\ < ||(Ad^,«, - id)|Z}||, 

i,k 

it follows that max|f|<i \\vtUt — 1|| <3e + 6. Since t i— > vtUt is an a-cocycle, this concludes 
the proof. 

Now we turn to the proof of Lemma 11.21 We start with the following lemma. 

Lemma 5.3 Let a be a flow on a unital AF algebra A. Suppose that there is an increasing 
sequence (A„) of finite- dimensional C*-subalgebras of A such that Un^" ^■^ dense in A 
and 

sup dist(at(An), An)^0. 

tG[0,l] 

Then for any e > there is an a-cocycle u and a subsequence {rii) in N such that 
Adutat\Ani n A'^. = id for all i and maXig[o,i] \\ut — 1|| < e. 

Proof. Let e be a non-zero central projection of A^. Then for any projection p & An 
different from e, we have that ||e — p|| = 1. 

If dist{at{An) , An) < 5 for t G [0, 1] for a small 6, then it follows that ||at(e) — et\\ < 6 
for some Ct G An- We may assume that Ct is a projection by replacing 6 by 26. Then 
from the above remark we get that Ct = e. Thus we have that ||at(e) — e|| < 26 for all 
projections e e Anf^A'n and for t e [0, 1]. Since any element x G AnHA'^ with < x < 1 is 
a convex combination of projections in AnHAn, it follows that sup^^jg ^ — id)|y4„,ny4^|| 
converges to zero as n^oo. 

By Lemma lHTD there is an rii G N and an a-cocycle m*-^-* such that max^gjo^i] Hu^""^^ — 1|| < 

e/2 and Ad u[^^at\An, n A'^^ = id. Let Zi = An, n A'^^. Since Adw^^^a leaves A f] Z[ 
invariant, IJn>ni ^'i dense in A fl Z[, and sup^g^Q ^^] dist {Ad u[^^ at{ An fl Z[),An fl 
Z[)-^0 as n— >oo, we can repeat this argument for Adu^^^a\Ar]Z[ and (A„nZ()„>„^ with 
e replaced by e/2. Thus we have an n2 > ni and an Adw'-^^a-cocycle m*-^-* in An Z[ such 
that Ad(M[^''u[^^)Q!t is the identity on the center of fl and maXfg[o,i] — 1|| < e/4. 
It then follows that Ad{u[^\[^^)at\An- fl A'^_ = id for z = 1, 2 and that t t— > is an 

a-cocycle such that max^g^o,!] Il'^^l^'^'^^l^^ ~ 1|| < + e/4. In this way we can complete the 
proof. □ 

Now we assume that a fixes each central projection of An for all n. Let C denote 
the C*-subalgebra generated by Un(^'i ^ ^n)' which is an AF abelian C*-algebra. Let 
B = An C Since a fixes each element of C, a restricts to a flow on B, which we will 
denote by p. 

Let Bn = An r\ C, which is the relative commutant of the C*-subalgebra C„ in An, 
where C„ is generated by IJfc=i(^fc ^ ^'k)- Thus there is a norm one projection of A onto 
A n C", sending An onto Bn = An n C'n and B is an AF algebra. We identify C with 
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the continuous functions C(r), where F is the compact Hausdorff space of characters of 
C . Then we can regard B as the C*-algebra of continuous sections over F; the fiber at 
7 e F will be denoted by B'^ , which is a UHF algebra (or a matrix algebra), and the 
canonical map of B onto B'^ will be denoted by : a; i— > a; (7). To see what B'^ is, we find 
a decreasing sequence (c,^) of projections such that G Cn is minimal with 7(^n.) — -^i 
then B^ is obtained as the inductive limit of the sequence 6174161^62^262— ^-eaAses—^ ■ ■ ■ , 
where the map of 6„y4„6„ = E„6„ = (A„nC4)6„ into 6„+iy4„+i6„+i is given by x a;6„+i. 
Let denote the image of 6„y4„6„ in B"' . We define a flow (3'^ on B"' by the requirement 
that = ^''(^^(a;)), xeB. 

Since sup^gjo ij (iisi{at{An), An)-^Q, we obtain that 

sup dist(/37(i?;i), 52)^0 

te[o,i] 

for any 7 G F. Thus, by 14.11 each (3^ is a cocycle perturbation of a UHF flow. To show 
that a is a cocycle perturbation of an AF flow, we would have to use the fact that the 
convergence in the above display is uniform in 7 G F. 

We shall prove the first half of Lemma 11.21 as follows. Suppose, in particular, that 
supig[o,i] dist(Q;t(Ai), Ai) is sufficiently small. We have to show that there is an a-cocycle 
w such that sup^gjo,!] Il""^* ~ l|l is arbitrarily small and KdwtOit{Ai) = Ai. 

Suppose that the center of Ai is i^-dimensional, being spanned by minimal central 
projections Zi, . . . , z^, and choose 71, 72, . . . , 77^- G F such that 7i(-2i) = 1 for each i = 
1,2, . . . , K. We apply Lemma l^lD to each {B"^', j3'^') (or apply Prop. lT31 if B'^^ is a matrix al- 
gebra); thus we get a 7i-cocycle such that — 1|| is very small for t G [0, 1] and AdulP^ 
fixes Bj. What is important here is there is a pure ground state (pi for (5'''% Ad «*/?'''*), 
which is still pure on Bj. We may regard (pi as a pure state (pi^''' on ZiAzi, which is pure 
on ZiAiZi{~D Bj). We consider the system {ziAzi, a* = a\ziAzi). By lifting (see below), 
we then find an a^-cocycle such that maXi£[o,i] \\vl — 1|| is sufficiently small and (pi is 
AdwjCt^-invariant. Since dist{Ad vlal{AiZi), AiZi) < 2\\vl — 1|| + dist {at (Ai) , Ai) , which 
is very small, we apply Lemma lOl to get an a^-cocycle such that maxtgp^ij \\wt — 1|| 
is small and Adw^a* fixes AiZi{G ZiAzi). By combining these we get an a-cocycle w 
such that maxtg[o,i] \\wt — 1|| is small and Adwtat fixes Ai. 

Lemma 5.4 Let 7 G F and let u be a (3'^ -cocycle. Then there is an a-cocycle v such that 
Vt E B = Ar\C' and^^{vt) = Ut, t G R. //sup^gjo,!] < ^ holds, sup^^jQ ij — 1|| < 

6 can be imposed. 

Proof. We find a w & IA{B'^) and a differentiable /9'^-cocycle z such that \\w — 1|| is 
small and Ut = wztl3'J{w*). We can then find a.WEB = Ar\C' and H G Bsa such 
that ^'^{W) = w and $'^(if) = —idzt/ dt\t=Q. Then we find a /5-cocycle Z by solving 
the equation dZt/dt = ZtPtiiH) with Zq = 1, which satisfies that ^'^{Zt) = Zt- We set 
Vt = WZtPt{W*), which is an a-cocycle with ^'^{vt) = Uf. 

Since cr ||$°"(f() — 1|| is continuous, t t— > ||$'^(i;() — 1|| is equi-continuous in cr G F, and 
F is totally disconnected, the last condition is satisfied by replacing v hj t ^ Vtc +1 — 6, 
where 6 G C is a projection with 7(6) = 1. □ 
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Let ei > 0. For e = ei/2 we choose a 5i = 5 > as in Lemma 14.31 where we may 
assume that 6i < ei/2. For e = 6i/3 > we choose a ^2 = 5 > as in Lemma HH] (or 
Prop. II. 5|) . We may assume that ^2 < ^i- 

Suppose that sup^gjo^ij dist(aj(Ai), Ai) < 62- Let zi, Z2, . . . , zk be the minimal central 
projections in Ai and let 71, . . . , 7/^ G F be such that •yii^Zi) = 1. Then we apply HH] to 
{B"'%p"'^) to get a /3^»-cocycle u' such that supig[o,i] \\ui - 1|| < 5i/3 and Adn^/57'(fi7') = 

Bj\ Since is a UHF flow, there is a pure ground state 0i for Adu^P'^\ Note that 
is pure. We regard 0i as a state on by denoting (j)i^'^^\ziAzi again by (pi. Note that 
(f)i\ziAiZi is pure. We lift to an a-cocycle such that vl & B and sup^^jQ ^ — 1|| < 
Si/ 3. We regard as a cocycle in ZjAzj with respect to a\ziAzi. Then it follows that 

sup dist {Ad vlat{zi Ai), ZiAi) < 61. 
te[o,i] 

Then applying 14.31 to {ziAzi, Ad vlat\ziAzi) with a pure invariant state (pi, we get a 
cocycle with respect to Advlat\ziAzi such that 

sup \\wt — 1|| < e/2 and Ad(w^f J)Q;((ziy4i) = ZiAi. 
te[o,i] 

Note that t w\vl is an a-cocycle in ZiAzi such that sup^gjQ]^] \\w\vl — 1|| < ei. Then 
t I— > wlvl is the desired a-cocycle. This completes the proof of the first half of Lemma 

o 

To prove the latter part, let Aq be a C*-subalgebra of Ai such that cxt{Ao) = Aq. We 
have to show that the above a-cocycle can be chosen from A fl Ag. 

Since dist(a((A„n Aq), AnCiAQ) < dist(a((A„), An), we apply the first part to alAflAQ 
to find an a-cocycle m in A fl such that sup^g^o,!] il""* ~ -'■II ^ ^ Adutat{Ai fl Aq) = 
Ai n Aq. Since Adutat{AQ) = Aq, we get that Adutat{Ai fl Zq) = Ai H Z'q, where 
Zq = Aq n Aq. Note that sup^gjQ ^^] dist {Ad Utat{Ai) , Ai) < 61 + 2e. 

Let Zi, . . . , Zk he the minimal central projections in Ai as before. If {Ai fl ^o)-2i is the 
direct sum of Lj + 1 factors, there are Li partial isometries Wi, . . . , wl. in AiZi such that 
WjWj = wlwi is a minimal projection invariant under Ad ua, wjw* is a minimal projection 
invariant under Adua, and AiZi is generated by {Ai fl ^o)^« "^i' j = ■ ■ ■ , Li. 

Since Adutat{wj) is almost contained in Ai (up to the order of 61 + 2e) for t G [0, 1], 
it follows that \\Adutat{wj) — CtWj\\ < 61 + 2e for some q G C for t G [0, 1]. Note that 
t w j Ad Utat{w*) is a cocycle with respect to Ad ua\w jw* Aw jW*. 

Lemma 5.5 For any e > there exists a 6 > satisfying the following condition: If v is 

an a-cocycle such thatvt G CI fort G [0, 1], then there is ap such that — e'^*l|| < e 
forte [0,1]. 

Thus we find a Aj G R such that sup^^jQ]^] \\w j Ad Utat{w*) — e''^J*WjW*|| ~ 0. We 
extend a cocycle t 1-^ e~^^^* wj Ad Utat{w*) in WjW*{A fl {Ai fl Zq)') to a cocycle in 
J9j(y4 n (Ai n ZqY), where pj is the central support projection of WjW* in Ai fl (or 
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in Zi{Ai n Zq)). Note that \\v{ — Pj\\ = \\e '^^^WjAdutati^w*) — WjW*\\. We define Vt = 
J2j '^t + P05 where po is the central support of w*Wj = wlwi in Zi{Ai fl Zq). Then t> is a 
cocycle in ZiA fl {Ai fl Zq)' with respect to Adua, sup^^jQ ^ \\vt — Zi\\ ~ 0, and 

Ad{vtUt)atiwj) = e'^^'^Wj. 
Thus, since Ai n Zq and all Wj generate ZiAi and fl Zg D Aq, we get that 
Ad(ftMt)af(ziAi) = ZiAi and Ad(ftMf)at(ziAo) = ZiAo. 

We apply this argument to each Zj. This concludes the proof of Lemma fl.21 

Proof of \5.^ We suppose that for a small 6 > there is a continuous function / : [0, 1]^R 
such that ll^i - e*^Wl|| < 6 and /(O) = 0. For ^1,^2 e [0, 1] with ti + < 1, we have 
that Wut.at.M - e^^(*i)+*^(*2)i|| < 25, which implies that \e'^f(t^+t2)-nti)-f{t2)) - i\ < 35, 

Letting 60 = arcsin3(5, we get 

\f{ti + h)-f{h)-f{t,)\<6o. 

We replace / by f{t) — f{l)t, which still satisfies the above inequality for ti,t2,^i + ^2 G 
[0, 1]. With this replacement we have assumed that /(O) = = /(I). 

Let fl = max{|/(t)| | t G [0,1]}. Suppose that fi > 36o. There is an s G [0,1] such 
that \f{s)\ = fl. li s < 1/2, then |/(2s)| > 2|/(s)| - So = 2fi - 5o > fi + 25o, which is 
a contradiction. Hence we have that s > 1/2. Then |/(1 — s)| > — 60, and hence 

1/(2(1 — s))| > 2|/(1 — s)| — 5o > 2|/(s)| — 3^0 > which is again a contradiction. Thus 
we should have that fi < 36o. This implies that 

\\ut - e*^(^)*l|| < |e*-^W - e*-^(^)*| + 6 < 36o + S. 

Since Sq ^ 3S, this concludes the proof. 
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